This paper focuses on the study of a frictional sliding contact problem between a homogeneous magnetoelectro-elastic material (MEEM) and a perfectly conducting rigid flat punch subjected to magnetoelectro-mechanical loads. The problem is formulated under plane strain conditions. Using Fourier transform, the resulting plane magneto-electro-elasticity equations are converted analytically into three coupled singular integral equations in which the main unknowns are the normal contact stress, the electric displacement and the magnetic induction. An analytical closed-form solution is obtained for the normal contact stress, electric displacement and magnetic induction distributions. The main objective of this paper is to study the effect of the friction coefficient and the elastic, electric and magnetic coefficients on the surface contact pressure, electric displacement and magnetic induction distributions for the case of flat stamp profile.
Introduction
Magneto-electro-elastic materials (MEEMs), which are characterized by coupling among the elastic, electric, and magnetic fields, have drawn considerable attention in recent years. Such materials include piezoelectric (PE), piezomagnetic (PM), magnetoelectric (ME) and magneto-electro-elastic (MEE) couplings (Erber et al., 1997; Meeker and Dozor, 1999; Sander, 1999; Fiebig et al., 2002; Ryu et al., 2002; Mazumder and Battacharyya, 2003) . Because of the coupling effect, these materials can exchange magneto-electro-elastic energy from one form to the other. As a result, they have found increasing applications in several engineering fields such as electronic packaging, hydrophones, magnetic field probes, medical ultrasonic imaging and in general as transducers, sensors and actuators. He and Guan (2006) mentioned using piezoelectric and piezomagnetic materials in making instruments of diverse forms and shapes, which generates extension, compression, distortion and such deformations by making use of the variation of additional electric field and magnetic field. He further stated that these instruments can be utilized for mechanics sensors, which surveys static stress, vibration stress, distortion stress, acceleration and other physics variables, and can also make into slight displacement control machines of simple structure and diverse forms which are extensively used in excessively delicate location, laser tiny process, numeral control machine, robot, valve control and so on.
Due to their remarkable properties, the studies on the contact problems of homogeneous piezoelectric materials have been reported in the open literature. Authors studied both plane and axisymmetric problems involving coupling between mechanical, electric and thermal fields. Matysiak (1985) investigated the contact problem between a rigid conducting punch and a piezoelectroelastic half-plane. Fan et al. (1996) studied the stress and electrical field distributions in a piezoelectric half-plane under a contact load using Stroh's formalism. Zhou and Lee (2011) investigated the thermal contact problem of a piezoelectric layer under a sliding flat punch. Giannakopoulos and Suresh (1999) presented a general theory for the axisymmetric contact problem of piezoelectric solids. Guillermo and Paul (2003) studied the contact response of an arbitrarily multilayered piezoelectric half-plane indented by a rigid frictionless parabolic punch based on stiffness matrix formulation. Wang and Han (2006) solved the axisymmetric contact problem of an insulating or conducting circular punch on a piezoelectric layer or half-plane.
On the other hand, contact analysis of piezomagnetic materials was also studied to characterize their coupling properties. Zhou and Lee (2012) investigated the two-dimensional moving contact behavior of piezomagnetic materials subjected to a sliding rigid punch, in which the effects of the moving punch speed on the stress and magnetic induction were investigated. Ginnakopoulos and Parmaklis (2007) applied the Hankel transform to solve the axisymmetric problem of piezomagnetic solids under specific magnetic boundary conditions. They showed that the coupling between the elastic and magnetic fields would lead to a significant effect on the indentation force.
However, very few studies considered the contact problem of coupled magneto-electro-elastic materials which render the contact problem more complex. Hou et al. (2003) presented exact solutions of elliptical Hertzian contact of a transversely isotropic magneto-electro-elastic media for both smooth and frictional contact cases. Zhou and Lee (2013) solved analytically the frictional sliding contact problem of magneto-electro-elastic materials under a perfectly insulating rigid punch of a flat or parabolic profile. Rogowski and Kalinski (2012) solved the axisymmetric frictionless contact problem of magneto-electro-elastic half-plane and a truncated conical punch assumed to be perfect electric and magnetic conductor. Chen et al. (2010) developed a complete fundamental theory to study the frictionless axisymmetric contact problem between a rigid punch and a magneto-electro-elastic half-space by considering various types of electric and magnetic boundary conditions.
To the best of our knowledge, the problem involving at the same time a frictional contact and a perfectly conducting punch for the case of a homogeneous magneto-electro-elastic half-plane has not been solved in the published literature to-date.The conducting case seems to be more realistic than the insulating case. The problem under consideration consists of a sliding contact between a homogeneous transversely isotropic magneto-electro-elastic half-plane and a rigid flat punch subjected to a normal load P, a tangential load Q, an electric charge T and a magnetic charge J. The mixed boundary value problem is solved analytically using the Fourier transform to convert the plane magneto-electro-elasticity equations into three coupled singular integral equations. An analytical closed-form solution is obtained for the normal contact stresses, electric displacement and magnetic induction distributions. This paper is organized as follows. The problem description and formulation is provided in Section 2. The problem solution is detailed in Sections 3. The analytical solution of the problem is given in Section 4. The numerical results are then discussed in Section 5. Finally, concluding remarks are given in Section 6.
Problem description and formulation
We consider the sliding contact problem, shown in Fig. 1 , consisting of a homogeneous transversely isotropic magneto-electroelastic half-plane with polarization in the y-direction, in contact with a rigid flat punch subjected to the action of a normal load P and a tangential load Q. We assume that the punch is a perfect electro-magnetic conductor with constant electric and magnetic potentials in response to the indentation of an electric charge T and a magnetic charge J.
The governing equations of the plane contact problem for homogeneous transversely isotropic magneto-electro-elastic solids are the equilibrium equations, the Gauss law for the electric field and the Gauss law for the magnetic field. Neglecting body forces, electric charge density and the electric current density, the governing equations of the problem together with the strain-displacement relationships, the electric field-electric potential relationships and the magnetic field-magnetic potential relationships, can be written as and D y are the components of the electric displacement along x and y; B x and B y are the components of the magnetic induction along x and y; e xx ; e yy and e xy are the components of the strain tensor, u and v are the displacements along x and y; E x and E y are the electric field components along x and y; H x and H y are the magnetic field components along x and y and / and w are the electric and magnetic potentials. In Cartesian coordinates x; y ð Þ, the linear constitutive equations of a transversely isotropic magneto-electro-elastic material are r xx r yy r xy 
where c ij0 ; e ij0 ; f ij0 ; g ij0 ; ði ¼ 1; 3; 4Þ; ðj ¼ 1; 3; 4; 5Þ, are the elastic, piezoelectric, piezomagnetic and electromagnetic constants,
respectively. e ij0 ; ði; j ¼ 1; 3Þ, are the dielectric permittivities and l ij0 ; ði; j ¼ 1; 3Þ are the magnetic permeabilities. Substituting Eq. (2) into Eq. (3) and the resulting expressions into Eq. (1) yields the plane magneto-electro-elasticity partial differential equations in terms of the displacement components u and which must be solved under mechanical, electric and magnetic boundary conditions.
The mechanical boundary conditions are established in this paragraph. The normal and shear stresses r yy x; 0 ð Þ; r xy x; 0 ð Þ À Á are zero outside the contact zone on the y ¼ 0 plane. Moreover, the regularity condition requires that stresses vanish at infinity. Furthermore, it is assumed that the punch is in frictional contact with the magneto-electro-elastic medium and the friction is of Coulomb type with friction coefficient g. Finally, since the punch is rigid, the nor-
Þ is prescribed by the profile of the flat punch (Fig. 1) . Therefore, the mechanical boundary conditions become r yy x; 0 ð Þ¼ 0; r xy x; 0 ð Þ ¼0; x j j > a; ð5a; bÞ r xy x; y ð Þ; r yy x; y ð Þ! 0; x 2 þ y 2 ! 1; ð5c; dÞ r xy x; 0 ð Þ¼ gr yy x; 0 ð Þ; Àa 6 x 6 a; ð5eÞ
In addition, the total force per unit length along the y-axis in the contact region should be equal to the indentation force, which is denoted as P. Thus,
The electric and magnetic boundary conditions are now established in this paragraph. Since the punch is a perfectly conducting and outside the contact region at y ¼ 0 is surrounded by free space, the normal component of the electric displacement D y (magnetic induction B y Þ outside the contact zone and the electric field E x (magnetic field H x Þ inside the contact region should be zero (Chen et al., 2010 where T and J are the total electric charge and the total magnetic charge, respectively (Chen et al., 2010) .
Solution of the sliding contact problem
The magneto-electro-elasticity equations (4a-d) are solved using Fourier transformation of the field variables with respect to the x-coordinate to yield the solution of the displacement field and the electric and magnetic potentials. The solution of the field variables is given by u x; y ð Þ ¼ 1 2p
where A j a ð Þ; j ¼ 1; . . . ; 8 ð Þ , are the unknown functions determined from the boundary conditions given by Eqs. (5a,b) and (7a,b), M j ; N j ; L j ; j ¼ 1; . . . ; 8 ð Þ , and k j ; j ¼ 1; . . . ; 8 ð Þ , will be determined in the following. k j ; j ¼ 1; . . . ; 8 ð Þ , are the roots of the characteristic polynomial associated with the magneto-electro-elasticity equations (4a-d) which may be written as where the subscript ''T'' stands for a transpose of a vector and the matrix G k j À Á is given as follows:
ð Þ where n is the sign function. Furthermore, only the roots with positive real parts given by Eqs. (B.1a-h) are retained in the solution to satisfy the regularity conditions given by Eqs. (5c,d) and (7e,f). Therefore,
(2) and the resulting expression into Eq. (3) yields the components of stress tensor, the electric displacement and the magnetic induction which may be written as r yy x;y ð Þ¼ 1 2p
r xy x;y ð Þ¼ 1 2p
B y x;y ð Þ¼ 1 2p
Applying the boundary conditions given by Eqs. (5a,b) and (7a,b) and taking the inverse Fourier transform of the resulting expressions yields the following equations for the unknown functions 
where P a ð Þ; Q a ð Þ; R a ð Þ and S a ð Þ are given by 
where the kernels K ij x; t ð Þ; ði; j ¼ 1; . . . ; 4Þ, are given by Eqs. (E.1a-p).
The singular nature of the above integral equations may be determined by studying the asymptotic behavior of the integrands found in the expressions of K ij x; t ð Þ; ði; j ¼ 1; . . . ; 4Þ. After a lengthy analysis and using the relations given by Eqs. (F.1a,b) and (F.2a,b), the singular integral equations become
where the coefficients a 0 ; b 0 ; c 0 ; d 0 ; e 0 ; f 0 ; g 0 ; h 0 ; i 0 ; j 0 ; k 0 ; l 0 ; m 0 ; n 0 ; p 0 ; q 0 , are given by Eqs. (G.1a-p). By introducing the following normalized quantities:
The equilibrium condition given by Eqs. (6) and (7g,h) can be also written in a normalized form as follows: 
and the coefficients a 0 ; b 0 ; c 0 ; d 0 ; e 0 ; f 0 ; g 0 ; h 0 ; i 0 ; j 0 ; k 0 ; l 0 ; m 0 ; n 0 ; p 0 ; q 0 , are given by Eqs. (G.1a-p). The solution of Eqs. (21a) and (22) may be expressed in terms of Jacobi Polynomials P
where c j ; j P 0 ð Þ , are unknown coefficients to be determined and the corresponding weight function w 1 r ð Þ is given by
in which
; bÞ >where N 0 and M 0 are arbitrary integers (positive, zero or negative) which are determined from the physics of the problem (Guler, 2009) . The index of the integral equation is defined as (Muskhelishvili, 1953) 
In order to get integrable singularities, j must be restricted to À1, 0 or 1. Defining
, the integral equation (22) and the equilibrium equation (21a) become
We note that the function u r ð Þ has singularities at r ¼ AE1. Then the solution of (29a,b) has the form
We can find the normal stress distribution in physical coordinates from Eqs. (19f) and (16a) as r yy x; 0 ð Þ¼
It is clear from Eq. (31) that the contact pressure distribution is not affected by varying the applied electric charge T and electric current J. This result is also found by Ke et al. (2008) who solved the plane contact problem of functionally graded piezoelectric materials. To validate their results, they presented the closed-form solutions on homogeneous piezoelectric half-plane for the normal stress distribution which does not depend on the applied electric charge for the case of a flat punch.
Normal electric displacement and normal magnetic induction
The normal electric displacement e Ã r ð Þ and the normal magnetic induction m Ã r ð Þ may be expressed in terms of the contact pressure p Ã r ð Þ by using Eqs. (20b, c) 1
where 
Eqs. (32a,b) are integral equations of the first type. The solution of these equations is given as follows (Erdogan, 1978) :
where the corresponding weight function w 2;3 r ð Þ is given by
and
We can also find the expressions of normal electric distribution D y x; 0 ð Þ and magnetic induction distribution B y x; 0 ð Þ in physical coordinates from Eqs. (19g,h) and (16c,d) as follows:
; Àa 6 x 6 a; ð39aÞ
where
in which K 1 and K 2 are given by Eqs. (33a,b) .
4.3. In-plane stress, in-plane electric displacement and in-plane magnetic induction
We can find the in-plane stress r xx x; 0 ð Þ, the in-plane electric displacement D x x; 0 ð Þ and the in-plane magnetic induction B x x; 0 ð Þ from the linear constitutive equations of a tranversely isotropic magneto-electro-elastic material (3a-c) as follows: 
The stress intensity factor k 1 at the end points x ¼ AEa of the flat punch can be defined and evaluated from
Àr yy x; 0 ð Þ
Results and discussion
It has been reported by Chen et al. (2010) that a complete set of material properties of single-phase magneto-electro-elastic materials (such as Cr 2 O 3 , BiFeO 3 , YMnO 3 , LuFe 2 O 3 , etc.) cannot be found in the literature. Hence, they confine themselves to the magneto-electro-elastic composite materials made of piezoelectric magnetostrictive phases. The material properties of the composite consisting of piezoelectric ceramic Barium Titanium Oxide, BaTiO 3 , and those of piezomagnetic crystalline Cobalt Iron Oxide, CoFe 2 O 4 are chosen for the following numerical illustrations and their properties are given in Table 2 , where all the absent material constants made equal to zero.
The material properties of the composite are estimated using the simple rule of mixture based on the volume fraction. Denoting
where L 0 x ð Þ is given by Guler and Erdogan (2004) 
for the composite the volume fraction of CoFe 2 O 4 as v and that of BaTiO 3 as 1 À v, we then have
where X represents an arbitrary material constant, and the subscripts C; E and M indicate the composite, piezoelectric phase and piezomagnetic phase, respectively.
Validation of the results
To verify the accuracy of the present analysis, two illustrative examples concerning the contact analysis of homogeneous magneto-electro-elastic half-plane are solved.
The obtained results are first compared with those published by Guler and Erdogan (2004) who considered a frictional sliding contact problem of homogeneous elastic half-plane under the action of a rigid punch. Fig. 2 The second validation was done with the results of Zhou and Lee, 2013 where they solved a perfectly insulating punch on multiferroic materials. If one assumes that the punch is perfectly insulating, the three coupled integral equations given by Eqs. (20a-c) become
The unknown in Eqs. (46a-c) is the contact pressure p Ã r ð Þ. Note that both the normal electric displacement and the normal magnetic induction are equal to zero in this case. 
Magneto-electro-mechanical field analysis
In this section, the calculations are performed for a perfectly conducting punch on a magneto-electro-elastic half-plane with the volume fraction of the piezomagnetic phase being fixed at v ¼ 0:5 (see Table 2 ). Table 3 shows some examples for the stress intensity factor by varying the friction coefficient g from 0 to 0.9. The table also gives the powers of stress singularity b 1 and a 1 , respectively at the leading x ¼ Àa ð Þand the trailing x ¼ a ð Þends of the punch corresponding to the volume fraction v ¼ 0:5. It should be noted that the weight function describing the asymptotic behavior of the contact stresses are dependent on the coefficient of friction, g and the elastic, piezoelectric, piezomagnetic, electromagnetic constants, c ij0 ; e ij0 ; f ij0 ; g ij0 ; ði ¼ 1; 3; 4Þ; ðj ¼ 1; 3; 4; 5Þ, the dielectric permittivities, e ij0 ; ði; j ¼ 1; 3Þ, and the magnetic permeabilities, l ij0 ; ði; j ¼ 1; 3Þ (see for example, the material properties given in Table 2 ). This is an important observation that the power of stress singularities a 1 and b 1 depend only on the material properties and the coefficient of friction but nothing else. The singularity at the trailing end of the punch is stronger than that at the leading end (i.e., a 1 j j > b 1 j jÞ. It can be also seen from Table 3 that when the sliding contact interface between the punch and the magneto-electroelastic half-plane becomes more frictional, the stress intensity factor decreases.
The effect of the friction coefficient, g, on the normalized contact pressure r yy x; 0 It can be seen from Fig. 4(a) that increasing g from 0 to 0:9 decreases the surface stress concentration near the trailing edge x ¼ a ð Þbut increases the surface stress concentration near the leading edge x ¼ Àa ð Þ . However, it is clear from Fig. 4(b) that increasing g has a tendency to increase the tangential contact stress of both the leading and the trailing edges. It is found that both D y x; 0 ð Þ and B y x; 0 ð Þ are insensitive to the variation of the friction coefficient.
As can be expected, the contact pressure, the electric charge and the magnetic induction distributions show a typical square root singularity behavior at both ends x ¼ AEa for the frictionless case (g ¼ 0Þ. For this case, all the curves are symmetric since the powers of stress singularity b 1 and a 1 becomes À0.5. Fig. 5a and those of the surface magnetic induction distribution at J ¼ 10 À5 Am À1 ; P ¼ 1; 5; 10 kN m À1 are given in Fig. 5(b) . It is seen from Fig. 5 (a) and (b) that an increase in the applied normal load decreases the electric displacement (magnetic induction) near the trailing edge x ¼ a ð Þbut increases the surface stress concentration near the leading edge x ¼ Àa ð Þ . pressive inside the contact region Àa < x < a ð Þand behind the leading edge x < Àa but tensile after the trailing edge x > aof the punch. As g increases, the normalized in-plane tensile stress r xx x; 0 ð Þ=r 0 increases sharply at the trailing edge. These results imply that the peak value of the normalized in-plane tensile stress r xx x; 0 ð Þ=r 0 can be effectively lowered by decreasing the friction coefficient and therefore modify the frictional contact damage. Fig. 6(b) and (c) Þ . As the friction coefficient g increases, the magnitude of the in-plane electric displacement and the in-plane magnetic induction become smaller in the contact region Àa < x < a ð Þ but are insensitive to the variation of the friction coefficient behind the leading edge x < Àa ð Þand after the trailing edge x > a ð Þ. Fig. 6 (b) (c) show that for magneto-electro-elastic materials, in addition to singularities of various stresses, singularities of in-plane electric displacement and the in-plane magnetic induction at both edges of the flat punch also may cause surface damage. Þdistributions for the case of a flat punch; g ¼ 0:
Coupling effect
In the following, we consider five different cases of material combinations, by taking the volume fraction of CoFe 2 O 4 as v ¼ 0; 0:25; 0:5; 0:75 and 1, respectively ( Table 2) . The values v ¼ 0 and v ¼ 1 correspond, respectively, to a purely piezoelectric composite and a purely piezomagnetic composite. The friction coefficient g is fixed at 0.6. Table 4 gives the values of A given by Eq. (23) When v ¼ 0, the magnetic field in the material uncouples from the coupled electro-elastic field. In this case, the magnetic field in the half-space is zero and does not affect the electro-elastic field.
Similarly, for v ¼ 1, the electric field becomes independent of the coupled magneto-elastic field in the half-space and a change in the electric property of the punch does not affect the magnetoelastic field.
It is worth noting that the magneto-electro-elastic coupling can significantly alter the magnitude of stress components, electric displacement and magnetic induction. This result is remarkable and should be of a great interest in the material analysis and design.
Conclusions
The present paper investigated the frictional sliding 2D-plane contact problem between a homogeneous magneto-electro-elastic half-space and a perfectly conducting rigid flat punch subjected to magneto-electro-mechanical loads. Using Fourier transform, the resulting magneto-electro-elasticity equations were converted analytically into a system of three coupled singular integral equations which were solved analytically to yield a closed-form solution for the contact stresses, electric displacement and magnetic induction distributions.
The developed formulation was first validated based on the results of Guler and Erdogan (2004) who considered the frictional sliding contact problem of a homogeneous half-plane under the action of a rigid punch. The formulation was then validated based on the results reported by Zhou and Lee (2013) who solved the case of a perfectly insulating punch acting on multiferroic materials. An extensive parametric study was then carried out. Our results indicate that for a flat punch, contact stresses, electric displacement and magnetic induction distributions are unbounded at both edges. The friction coefficient significantly affects the sliding contact behavior. Our results also show that a complete 
coupling theory should be used for an accurate prediction of the indentation response, which can be used to characterize the material properties. Coupling among the elastic, electric and magnetic fields provide more feasible ways in controlling the magnitude as well as the distribution of various physical fields in the half-space. This interesting feature could stimulate important applications of advanced technologies such as magnetically writing and electrically reading memory, atomic force microscopy based micro painting ferroelectric/ferromagnetic domain switch.
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